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Calculation of Unsteady Transonic Flow over an Airfoil

W. J. Chyu,* S. S. Davis,t and K. S. Chang}
NASA Ames Research Center, Moffett Field, Calif.

An implicit finite-difference solver for either the Euler equations or the ‘‘thin-layer’’ Navier-Stokes equations
was used to calculate a transonic flow over the NACA 64A010 airfoil pitching about its one-quarter chord. An
unsteady automatic grid-generation procedure that will improve significantly the computational efficiency of
various unsteady flow problems is described. The calculated results for both inviscid and viscous flows at Mach
number 0.8 over the airfoil oscillating with reduced frequency referenced to one-half chord, 0.2, are compared
with experimental data measured in the Ames 11 X 11-ft Transonic Wind Tunnel. Nonlinear, unsteady effects of
the flow on the surface pressure variations, shock-wave excursions, and overall airloads are examined. Good
agreements between the results of computations and experiments were obtained. In the shock-wave region,
however, the results of the viscous-flow computations showed closer agreement with the experimental data.

Introduction

HE need to properly compute unsteady transonic viscous

flows surrounding airfoils at transonic speeds remains an
outstanding problem in fluid dynamics. Efficient and
complete analytical methods would find immediate ap-
plications for both fixed-wing aircraft, in the treatment of
such problems as flutter and buffet, and for rotary-wing
aircraft in optimizing rotor-blade designs.

Mathematically, even within an inviscid approximation, the
analysis of steady transonic flows is complicated by the
presence of mixed subsonic and supersonic regions within the
flowfield. Consideration of unsteady transonic flows
necessitates treatment of additional phenomena such as
moving shock waves whose strengths are time varying. In
addition, for those flows such as flutter, buffet, and dynamic
stall where viscous effects are significant, the unsteady in-
viscid-viscous interaction must be modeled properly.

Numerous researchers have studied unsteady transonic
flows around airfoils (cf. Ref. 1 for a recent bibliography)
using a variety of numerical techniques based on the inviscid
and viscous equations which model the physics at various
levels of approximation. The inviscid techniques include
methods based, successively, on the linear small-disturbance
equations,?3 and on the low-frequency small-disturbance
equations, %% which are limited to the cases of having weak
shock waves in inviscid flows. Additional modeling accuracy
is obtained with methods based on the unsteady full-potential
equations’-® which remove the restriction of weak shock
waves. The next level of modeling accuracy is demonstrated
by Magnus and Yoshihara® and Lerat and Sides!® in their
solutions of unsteady transonic flow over an airfoil based on
the Euler equations. Although their solutions represent a
pioneering work in showing the unsteady nonlinear response
of the flows, the computation time is excessively long with
regard to the inclusion of viscous effects or extension to three-
dimensional flows. Both methods based on the potential
equations and on the Euler equations, in principle, can treat
all unsteady transonic flows in which viscous effects are not
significant. For those cases where viscous effects dominate,
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methods based on the unsteady Navier-Stokes equations are
needed. Mehta!! used a method based on the incompressible
Navier-Stokes equations to compute the laminar flow about
an airfoil undergoing large amplitude oscillations. The results
provide an extremely valuable insight into the phenomena of
dynamic stall on helicopter rotors. Beam and Warming 2
reported an efficient numerical solution of the compressible
Navier-Stokes equations in conservative-law form. They
developed an implicit-factorization scheme that allows large
time steps to be taken in the unsteady flow computations
while maintaining second-order accuracy. Their computation
considered the flow about a parabolic airfoil and an
oscillating flat plate, both computed in the physical plane.
Steger !1* applied an implicit numerical technique, similar to
the one reported in Ref. 12, to both the unsteady Euler
equations and the unsteady thin-layer viscous model com-
pressible Navier-Stokes equations. The inviscid-flow com-
putation considered the plunging airfoil previously reported
in Ref. 9, while the viscous-flow computation demonstrated
unsteady transonic buffet behind a fixed airfoil.

The purpose of this study was to develop a numerical
technique for analyzing unsteady transonic flows over an
arbitrary airfoil when both unsteady and viscous effects are
significant. Toward this end, the numerical technique
reported by Steger !> was combined with an efficient unsteady
grid-generation technique suitable for the treatment of
moving and deforming airfoils. The resulting method was
applied to compute both inviscid and viscous transonic flows
about an NACA 64A010 airfoil oscillating in pitch. The
computations were carried out for flow conditions where
extensive experimental unsteady surface pressure distributions
had been obtained.''S The numerical technique and a
comparison of the numerical results with the experimental
measurements are discussed in the following sections.

Numerical Technique

Governing Equations

The unsteady flowfield is assumed to obey the unsteady
Navier-Stokes equations. Following Ref. 13, these equations
can be written in strong conservation-law form for body-
conforming coordinates £, n as

3,4+0,E+3,F=Re~13,S )

where 7=1 is the time variable, £ =£(x,y,t) the ‘‘streamwise’’
spatial coordinate (see Fig. 1), and n=7(x,»,?) the “normal”’
spatial coordinate. The inviscid flux vectors in Eq. (1) are
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with the contravariant velocity components defined in terms
of the Cartesian velocities as

U= +Eut+é v V=g, +nu+,0 3)

The mapping between x,y physical plane and the £, com-
putational plane is reflected in Eq. (1) through the presence of
the metric terms £, £,, &,, 0, 1,, 1,, and the Jacobian term J
which appear in the flux vectors. The metric and Jacobian
terms are determined numerically once the instantaneous x,y
coordinates of the grid points within the computational mesh
have been specified. The method of generating the time-
varying computational mesh is discussed subsequently.

In deriving Eq. (1), Steger assumed a thin-layer viscous
model by neglecting all streamwise derivatives d( ) /94 in the
viscous terms of the Navier-Stokes equations. The resulting
thin-layer viscous model, valid for high Reynolds number
flow and body-conforming coordinate, is

1 0 ~
p(nZ+n2)u, + (u/3) (nu, +n,0, )0,
p(n2+n2)o,+ (u/3) (qu, +0,0,)n,  +

{(2+92) [(w/2) (W +v?), +xP7I(y=1) 7!

L X(az),,’]+(ﬂ/3)(nxu+7’yv)(nxun+n}’v’7)]J
C))

UNSTEADY TRANSONIC FLOW OVER AN AIRFOIL 685

Fig. 2 Grids generated using uniform coordinate stretching method.

For laminar flow computations, the coefficients of molecular
viscosity appearing in Eq. (4) is computed using the
Sutherland viscosity law. For turbulent flows, the viscosity
coefficient is computed using the two-layer Cebeci-type eddy
viscosity model reported by Baldwin and Lomax. !¢ The main
features of the Baldwin-Lomax model are the determination
of the eddy mixing-length scale based on the local vorticity
and automatic determination of the edge of the boundary
layer. In the present work, the instantaneous vorticity is
calculated after each time step of the computation.

Equation (1) is integrated in time, subject to appropriate
initial conditions and boundary conditions using an ap-
proximately factored implicit finite-difference algorithm,
similar to the one reported by Beam and Warming.2 A
complete description of the algorithm, including a discussion
of its accuracy and stability, is found in Ref. 13.

Boundary Conditions

For inviscid flow computations, Eq. (4) is neglected in Eq.
(1) and a tangency condition is imposed on the airfoil surface
by setting V, the contravariant velocity along the 5 coor-
dinate, to zero. Thus, on the surface, the Cartesian velocities

are
()= 2 (T ®

In Eq. (5), U is determined at the body surface by a linear
extrapolation from the flowfield determined at the previous
time step, and

$t= _xrgx—y‘rgy M= =X Ne =Yy (6)

where x, and y_ are local airfoil surface velocities. At the
trailing edge of the airfoil, the Cartesian velocities u,v are set
equal to x, and y_, respectively, to satisfy the Kutta condition.

For viscous flow, the no-slip condition requires U=V =0 at
the airfoil surface. The surface pressure is then determined
from the normal momentum equation.

Grid Generation

In the work reported in Ref. 13, the computational grids
were obtained from solutions of a nonlinear Poisson
equation. This technique!”-!® permits grid point locations to
be specified along the outer edge of the grid, i.e., along the
airfoil surface and the freestream boundary (cf. Fig. 1). The
method then generates a smoothly spaced, nonoverlapping
grid at the interior points. This grid is then respaced, or
clustered, along the £ =const lines (lines moving away from
the airfoil) to obtain a grid having a fine spacing at the airfoil
suitable for viscous-flow computation. The resulting grid is
stored and used for the flowfield computation. Proper
clustering of grid points in the vicinity of the airfoil is
essential for obtaining accurate viscous solutions. In Ref. 13,
clustering was achieved with an exponential stretching of
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points along £ =const lines based on coordinate arc lengths
between the airfoil and the chosen outer boundary of the grid.
The same exponential stretching formula was applied at all
chordwise stations. In some instances this procedure results in
grids which are excessively dense toward the trailing edge of
the airfoil and in the wake region. Figure 2 shows a body-
conforming grid generated using the method described in Ref.

13. The grid point spacing is needlessly dense in the far wake

region. Also, the n =const lines are warped behind the airfoil,
and this effect is propagated to the outer boundary. To
achieve better control of the grid spacing, a weighted coor-
dinate stretching is employed in the present work. The ex-
ponential stretching along £=const lines was a weighted
average between a stretching based on coordinate arc length
and a stretching based on the vertical distance y between the
airfoil surface and the outer boundary. Further, the ex-
ponential stretchings employed varied smoothly with chord-
wise position. The stretching is made along each £ = const line
using a weighted exponential stretching function T'(q) IE
defined as

T,=0
Ty =Ty +AT (I +e) =2 2<k=<k_,, @)
where _
Tk\(xk:yk) =9 (Pmax)Ax + 8 Fmax) e | ®

Here, k is the index of the kth line of constant 5 (cf. Fig. 1),
A, the arc length measured from the airfoil surface along the
£=const line, and y_,, the maximum y coordinate on the
& =const line. The parameters v and § weight the stretching
- between arc length and vertical distance y, respectively. A
smooth variation of the parameters with chordwise position is
obtained using

Y (Pmax) =3[ +cos(ly ol 7/ 1y, D]

for Iy . !=<ly,l, and y=0 and é=1 for ly_,I>ly,!
where y,, is a parameter for controlling the grid spacing.

Fig.3 Grids generated using weighted coordinate stretching method.
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The weighted minimum spacing at the airfoil surface AT,
is defined by

ATmin =7(ymax)AA+6(ymax)|Ayl (10)

in terms of AA, the minimum spacing along the £ = const line,
and Ay, the minimum spacing in the y direction. The
stretching parameter ¢ is determined such that

Tkmax=’Y(J’max)Akmax +6(Ymax) kamaxl (09))

using a Newton-Raphson iterative procedure.

A coordinate system generated using the weighted coor-
dinate stretching technique applied to airfoil and outer
boundary grid points identical to those of Fig. 2 is shown in
Fig. 3, and demonstrates improved grid spacing and
clustering.

In Ref. 13, the grid geometry was held constant in time.
Time variation of the angle of attack of an oscillating airfoil
was accomplished by varying the far-field freestream
boundary conditions. Although this approach to grid
generation would be suitable for the present study, it is limited
in scope insofar as it cannot treat an airfoil oscillating in the
proximity of a wall or a second airfoil, or a flap oscillating
behind a fixed airfoil. Thus, in the present work, an alter-
native, more general approach was adopted. The outer
boundaries of the grid were held fixed in space and time, while
the airfoil position varied in time. The grid, in turn, deformed
as time progressed to follow the motion of the airfoil.

Allowing the airfoil surface to vary within a stationary

-outer boundary requires that a new grid be generated at each

time step of the computation. To reduce the computational
effort needed to repeatedly generate the grids, a novel grid
interpolation scheme was devised. Grids were generated at the
extreme angle-of-attack positions of the prescribed airfoil
motion using the Poisson equation and weighted coordinate
stretching techniques described previously, and stored. Grids
needed at intermediate airfoil angles of attack were found
from interpolation along the circular arcs that are assumed to
represent the locus of grid point movement. The radius of
curvature for each point of the grid was taken as the distance
between the grid point and the fixed pivot point about which
the airfoil was oscillating. With the radius of curvature and
the extreme positions of each grid point known, the center of
curvature was then computed for each grid point. Grid points
for intermediate values of the angle of attack were found
from a linear interpolation of arc length along the curves
defined in this manner. This method of grid interpolation
eliminated entanglement of coordinate lines during the airfoil
motion, even within the dense grids in the boundary-layer
region. An example of the interpolation method is shown in
Fig. 4. Grids similar to those used in computations obtained
at the extreme positive and negative angle-of-attack positions
are shown in Figs. 4a and b, respectively, while an in-
terpolated grid is shown in Fig. 4c.

Results
Experimental Measurements

A series of experimental measurements has been carried out
in the Ames 11 x 11-ft transonic wind tunnel. In these ex-

UNSTEADY

Fig. 4 Unsteady grids interpolated from
two steady-grid systems: a) steady grids
with airfoil at one extreme position, b)
steady grids with airfoil at another ex-
treme position, and c) unsteady grids
interpolated from a and b.
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Fig. 5 Time histories of surface pressures.

periments, an NACA 64A010 airfoil was caused to undergo
small-amplitude harmonic oscillations in pitch about fixed
pivot points located at x/c=0.25, and also to undergo
oscillations in plunge. The test Mach numbers ranged from
0.5 to 0.8, and Reynolds numbers based on the airfoil chord
ranging from 2.5 x 106 to 12.5 x 10¢ were obtained. Unsteady
pressure distributions were measured on the airfoil during the
course of the oscillations, and unsteady aerodynamic forces
and moments were obtained subsequently from spatial in-
tegration of the pressure distributions.

The case of interest for the present study was chosen as the
airfoil oscillating in pitch about a pivot point fixed at
x/c =0.25, with amplitude of oscillation of 1 deg and a mean
value of the pitch angle of zero. (With the pivot point fixed,
the pitch angle is equivalent to the airfoil’s angle of attack.)
The reduced frequency of the oscillation, wc/2U,, was taken
as 0.20, while the Mach and Reynolds numbers were held
fixed at M =0.8 and Re =12.0x 106.

Computations and Code Performance

Both inviscid and viscous unsteady computations were
carried out for the flow conditions previously outlined. The
computational grids have common outer boundary located 8
chord lengths above and below the airfoil, and 8 chord lengths

upstream and downstream from the airfoil leading edge. The
inviscid computation used a grid having 77 points in the §
direction and 26 points in the 5 direction. The computation
required 1.27 s on a CDC 7600 per iteration, and 600 iter-
ations were required to model one cycle of oscillation, for
a total computation time of 12.7 min per cycle. The unsteady
computations were started from a converged steady-flow
solution obtained at a=1 deg and required computing
through two cycles of oscillation to reach the periodic
solution.

The viscous computations were made using a grid having
87 x 41 points in the ¢ and 5 directions, respectively. Including
the viscous terms requires additional computational effort per
grid point, and the fine mesh, needed to resolve the boundary-
layer region, necessitated a smaller time step than the one used
in the inviscid computations. Thus, the viscous computations
required 4.33 s per iteration, 1800 iterations per cycle, and
130 min per cycle. Again, computations through two cycles of
oscillation were required to obtain the periodic solution.

Time Histories of Surface Pressure and Shock-Wave Excursion
Computed viscous and inviscid surface pressure

distributions, obtained as the airfoil angle of attack varied

from 1 to —1 deg, are shown in Fig. 5. Also shown in Fig. 5
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and thus can be obtained from the upper surface pressure
distributions shown. At the maximum value of the airfoil
angle of attack, o =1 deg, a supersonic region is evident on
the upper surface that terminates in a shock located at
x/c=0.55. As the angle of attack decreases, the flow speed
gradually decreases on the upper surface, with corresponding
increases in pressure. At the same time, the shock strength
decreases, as evidenced by the decrease of the pressure rise at
the shock. In contrast, the flow speed on the lower surface of
the airfoil increases, resulting in lower surface pressures, and
the flow pattern is reversed. The comparisons between the
computational results and the experimental measurements
show that the computed pressures ahead of the upper surface
shock are underpredicted, although the viscous flow results
agree more closely with the experimental results. In the shock-
wave region the pressure rises, and shock positions are well
predicted by the viscous computations. The pressure
distributions downstream of the shock are well predicted by
both computations for this case in which there is no flow
separation. Although the effects of the shock-wave boundary-
layer interaction must be taken into account to accurately

Fig. 8 Complex representation of surface pressure variations.

model the pressure distribution in the vicinity of the shock,
they are less important in the other regions of the flow.

The time variation of the computed and experimentally
measured surface pressure distributions can be expressed in
terms of Fourier components in-phase and 90 deg out-of-
phase with the unsteady angle of attack. The unsteady angle
of attack can be expressed as

a(t) =a, +Re(de) (12)
where «,, is the mean value of the angle of attack and & is the
(real) unsteady component. The Fourier series representation
of the surface pressure coefficient is

C,(x/c,t)=C, (x/c)+ ), Re([C]_(x/c)]ae} (13)

n=1
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where C, (x/c) is the mean value of the local surface
pressure coefficient and [C] _(x/c)] the ath complex com-
ponent of the local unsteady pressure coefficient, per radian.
The real and imaginary value of C7} . can be expressed as

Re[C;’,,&(x/c)] = (Cp/&)cosd, (14a)
and
Im[C;,',& (x/c)] = (C}/a)sing, (14b)

where C} is the nth harmonic unsteady pressure (real) and ¢,
is the nth harmonic phase shift between the angle of attack
and the pressure response.

Computed and experimentally measured time histories of
the local pressure coefficient on the upper surface of the
airfoil for a complete cycle of oscillation are shown in Fig. 6.
The pressure coefficients on the surface ahead of and behind
the shock wave display a sinusoidal variation which can be
satisfactorily represented by the first harmonic (n=1) of the
Fourier series. In the shock region, on the other hand, the
pressure variations are nonlinear, and three Fourier har-
monics are usually required to represent the time histories.
The pressure variations behind the shock wave are small
compared with those occurring in front of the shock, and
decrease gradually with distance toward the trailing edge of
the airfoil.

Both the computed and unmeasured unsteady pressures
have been expressed in Fourier components up to and in-
cluding the third harmonic. The mean pressures shown in Fig.
7 are reasonably well predicted except in the shock region
where the viscous flow computation shows a closer agreement
with the experimental data. The harmonic components of the
pressure are plotted as the real and imaginary parts in Fig. 8.
The modal content decreases rapidly with the increasing order
of the mode number. In practice, only the first two modal
components would be required to represent the surface
pressure except in the region of the shock wave where all three
components would be required. The best agreement with the
experimental data is provided by using the Navier-Stokes
equations.

Examination of the in-phase and 90 deg out-of-phase
components in the first mode RelC} . (x/¢)],-, and
Im{C} - (x/c)],-,, respectively, in Fig. 8 indicates that the
pressures in front of the shock wave contain both the in-phase
and out-of-phase components in about equal magnitude.
Pressures behind the shock wave, however, contain only the
out-of-phase components. The first mode out-of-phase
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components in Fig. 8 also show that the component in front of
the shock is 180 deg out-of-phase with those behind the shock
and that the phase shift abruptly takes place at the shock.

The loci of the computed and measured shock-wave ex-
cursions are shown in Fig. 9. The trend of the excursions is
well predicted by either the inviscid- or viscous-flow com-
putations. The results of the viscous computation, however,
agree more closely with the experimental data.

The aerodynamic transfer function for lift and pitching-
moment coefficients C; _ and C,, . computed with the Euler
and Navier-Stokes equations and expressed in terms of
complex variables similar to those in Eqs. (14) are compared
with the experimental data in Fig. 10. The viscous-flow
computations result in excellent agreement with the ex-
perimental data. The less agreement of inviscid-flow com-
putations (including the results from linear theory) with the
experimental data is caused by the inability to accurately
predict the shock strength and locations.

Concluding Remarks

An implicit finite-difference solver for either the Euler
equations or the ‘‘thin-layer’” Navier-Stokes equations was
used to calculate a transonic flow over the NACA 64A010
airfoil pitching about its one-quarter chord. An unsteady
automatic grid-generation procedure was developed and
combined with the solver to greatly improve the efficiency of
unsteady flow computations. A . weighted coordinate-
stretching technique was used to generate well regulated and
controlled grids over the entire flowfield including the
clustered region near the boundary layer. The computational
results for both inviscid and viscous flows at M_ =0.8 over
the airfoil oscillating with reduced frequency, wc/2U_ =0.2,
are compared with experimental data from the Ames 11 x11-
ft transonic wind tunnel. Nonlinear unsteady characteristics
of the surface pressures, shock-wave excursions, and overall
airloads are examined. The study shows that the com-
putational results, both the inviscid and viscous flows, are in
good agreement with the experimental data except in the
shock-wave region. There the effects of shock boundary-layer
interaction must be taken into account to accurately model the
pressure distribution and shock position. The aerodynamic
transfer function of overall airloads in terms of lift and
pitching-moment coefficient are, therefore, more accurately
predicted by the viscous-flow computation. Finally, the ef-
ficiency of the numerical algorithm is demonstrated by the
relatively short computing time required for both the inviscid
and viscous-flow computations.
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